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Introduction

— A one-year risk horizon — &Xlj: 7 =0, O|2}: 7 =1
— lIgnoring all the complications, Available Capital:

C; = [MV Assets], — [MV Liabilities]., 7 € {0,1}

Solvency — intuition

An insurer is solvent if

P(C < 0) < .5%
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Introduction
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Introduction

So...

B B|AE XIS 50| SESH| 2IshA SxY
HR XH=2: () (i one-year risk-free rate @ 7 = 0):

P(—C >0):IP’<_C1,>O> :}P’<C0—1C_Iil_> c0> =7
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Introduction

So...

G B2
Mol S B2 E4517| 9I510) 2BSIARS of2f o)
E78 SIESHE X013 AHES B REHD U0{0F B
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Definition of SCR

— We need to determine the 99.5%-quantile of —C;, where
Ci = [MV Assets|; — EQ[Disc. Fut. Policyholder CFs| 7]

is an Fj-measurable random variable.
— & (1 2] 99.5% quantileE 7| eHM= 1 2=
(distribution) 7} = Q &,
1 2ZE 37| sz 7S ate] AHlAto] €28
It is Mostly unfeasible to find closed-form expressions for the
required expectations.
— £=X|X "tH Monte Carlo method

VNS
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Introduction

Methods

o Estimating the SCR: 2|A 3 S20|=0|A 2HAi5H Zt
AlLtZ| 2 HE CHA| Tt 2Fe| A2 2 & S A7 oF &

_—= =2 o (=]
(reevaluation of the company’s assets and liabilities)

— Nested Computation Structure

RF.
1 Y
Y0
Yo
>
t= t=1 t=T

6/25



Introduction

Methods

o Estimating the SCR: 2|A 3 S20|=0|A 2HAi5H Zt
AlLtZ| 2 HE CHA| Tt 2Fe| A2 2 & S A7 oF &

_—= =2 o (=]
(reevaluation of the company’s assets and liabilities)

— Nested Computation Structure

RF,

Y0

Yo

>
t=0 t=1 t=T

o Proposed Alternatives: Least-Squares Monte Carlo Methods
(LSMs)
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Model Framework
Model Framework

o d-dimensional Markov process Y = (Y¢),c(y 7y drives assets
and liabilities

o Q risk-neutral measure with respect to Numéraire N;
(e.g., FO0|=E A A EE= F2[E bank account)

@ Single cash-flow: X7 = X7(Y7)

o C. = [MVA]; — NTEQ [X7] Ys, s € [0,7]] (N7 =1 for convenience)
@ Typically:

[MVL], = N, x E2[X7] V4]
—_———

To be approximated
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LSM algorithms— Now and Later
Methods

o =, EQ[X7] V,] Zt outer A|LI2|@ U2 Z = 0fo} B,
o = 7HK| gh:
0 E%[X1|Y.] = g(¥,) & =& 2Ab

=
Q Di2f ®iad S & RM(Xr(Y7))E ZAl O|F 1 ZAELS
h

—A —A
7|EHZ2 AAF? (in a closed-form hopefully)
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LSM algorithms— Now and Later

LSM structure and information

LSM structure & available information

Y0, v@) v T4, v y©

Figure 1. P. Real measure, @: Pricing measure
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LSM algorithms— Now and Later
Approximation Strategies

g(Yr) and X7(Y7) 8 ZAISHE Y2 Moi= F 7tX|7t =&
o LSM now: EC [X7] Y;] = g(Y;) = 31, Bihy(Y5),
o LSM later: X(Y7) ~ Y1, oneon( Y7)
— 8(Yr) = Zk_l akE@[SDk(YT)W ]
where {hj}j:1 and {@}V | are the sets of basis functions, and

{Bj}j"il and {ax}¥ | are the sets of corresponding coefficients to
be ESTIMATED via the least-squares regression (Ct&M&
g7 2A).
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LSM algorithms— Now and Later
LSM Now and LSM Later

o Xr(Yr) B span{hi(Y), ... hu(Y-)}Oll =10 ApI5tet
(M| A EME Sol0)
M A
g(Yr) ~ Zﬂfhf(y‘r)
=1

LSM Now estimator.

o X7(YT)E span{p1(YT), ..., om(YT)}Oll 211 AFHSHH
(M3 AEM S E5109)

M ~
g(Yr) ~ Z BV [ek(YT)[Y7]
k=1

LSM Later estimator.
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LSM algorithms— Now and Later
Critical requirement for LSM later

o LSM laterE Aal3}7| QI = Zt basis &=2| 7|EiZt0|
2N RUA0{of gf

M M

g(Yo) m Y @Bl (o (YDIY:] =D dudu( V).
k=1 H 2 =

ow to compute’

where ¢x(Y7) is the closed-form expression for
E2 [o(Y7)| V7]

@ This condition is the culprit in making regression later

impractical. i
@ A martingale condition: E? [ok(Y7)| Y] = @i(Y-)??
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Basis functions via SVD: 7|&& M™

Formulation — Operator setting

e Key change in perspective: Define operator for E@[‘|YT]:
VL2 (Rd,B,@) Ny (Rd, B, ]P)

Two LSMs are related to orthogonal projections:
o Regression now: VY = PNy = SV (VXT, hj(YT)>£2(P) hj

@ Regression later: V,f- =VpPt = 22/1:1 (X, @j(YT)>£2(@) Vek

How to choose a good basis?

Choosing GOOD basis functions amounts to finding the basis
functions that minimize the distance between V and the finite rank
operator.
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Basis functions via SVD: 7|

Robust Basis Functions

Definition (Regression now)

We call the set of basis functions {e], €3, ..., €},} robust for the
regression now in L2(RY, B, P) if

{h, b5, ..o By} = arginfen, . py up VX7 — VEX7|
e

Definition (Regression later)

We call the set of basis functions {7, 3, ..., ¢} robust for the
regression later in £L2(RY, B, P) if

P12, -+ Pt = arginf{sm,m,msw} II)§qu 1 IVXr= VﬁXTH
=
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Basis functions via SVD: 7|&& M™

Compact valuation operator

Assume that there exists a transition density 7y, |y, (y|x) for Y7
given Y;. Moreover,

/ / oy, (%) Ty, 1y, (Xy) dxdy < oo,
Rd ]Rd

where Ty, |y, (x|y) is the reverse transition density.

The operator V is an HS operator and, therefore, compact.
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Basis functions via SVD: 7|&

Singular Value Decomposition

If V is compact, the operator has a singular value decomposition

(wi, s, Yi)i>1:

EQ[AY7)|Yy) Zw,<fs, > ey il Yo).
i=1

where f€ L2(RY, B, @) w1 > wg > - -+ are singular values, and
{si} and {#;} are the right and left singular functions, respectively.
In particular,

o {s;} forms a complete orthonormal basis for £2(R9 B, @)
o {1;} forms a complete orthonormal basis for £L2(R9, B, P).
o EQs;(Y7)|Ys] = winhj(Yy) for j> 1.
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Basis functions via SVD: 7|&& M™

Robustness of Singular Functions

Proposition

Assume the operator V is compact. Then for each M,

o the left singular functions {1, 1s, ..., v¥nm} € L2(RY, B, P)
are robust basis functions. For a fixed cash flow model, we
obtain B; = wj(XT,sj).

o the right singular functions {si, sy, ..., sy} € L2(R?, B, Q)
are robust basis functions. For a fixed cash flow model, we
obtain o = (X, Sk).

Proposition (Joint Convergence of LSMs)

The MSEs of two LSM algoritms are given by

M M
Oy <N + CUIQ\//+1) and  Ojater (Nw/2\/[ + w%/l+1) )

respectively.
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Applications

SVD for Gaussian Transition Densities

@ Assume

() =m1Gr)- (=)l

@ Then, V is compact.

@ Denote by PAP and QA @ the eigenvalue decompositions of
2;1/2 AEy2 and 2;1/282%,-/2 with PP = @ Q = | where
A=TE7T's7L and B=1"S7reh

e Eigenvalues (diag(A)): A1 > --- > Ag.

o P(y) = P52 (y— pr) and 29(x) = @7 (x — 7).

Proposition

The singular values of V are given by wn, = H}Ll)\ff"/ ? where

m = (ki, ..., kq) € Ng, and the corresponding right and left singular
functions are:

sm(x) = I i (22(x)) and $m(y) = OL i (25 ().
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Applications

Sors 5 Q5 BT
VAE E 75t xAl2l I_‘='_.3=.4xf7f x+ TAM|of| MESHH,
{ ax+r<n} ,
x+T
where

ds; = S (m dt+ o5 dvvf) ,
dri = a(y — r) dt+ o, dW,,
diixrt = Klixre dt + 8 dWA'.
tA| &0 A 2] VA A| &7} (market-consistent value) &
via LSM later

V(r) = 7—rExpr EQ | max {S7, Gr/al 1(0) X e r(T)}| Yr

via LSM now
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Single Roll-Up GMIB

orok
Gr="Sx(1+myT7,
d=30|1 RE HHE2 FFEEZE L= &
e T=1,

5() = 100, m = 5%,05 = 18%, n = 2.5%,a = 25%,"}/ =
2%, 0r = 1%, A = 2%,x =55, pis5 = 1%, k = 7%, = 0.12%.
p12 = —30%, p13 = 6%, pa3 = —4%.

o CISISI+E J7|XMet4e2 £, M=45N=45x 102

0| &350 C; & quasi-exact distribution=2 ¥ S.
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Single Roll-Up GMIB — Dists.

N
| \
i,
LSM later LSM now

Figure 2: Estimated densities via two LSM algorithms
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Applications

Single Roll-Up GMIB — Performances

Box-and-Whisker plot for JSD Box-and-Whisker plot for KL
. . 8e-06- . =
o 3 !
H 6e-06-
. 1e-03- == .
@ 2 de06- == . i
] = —— % %
5e-04- 2e-06-
! | ! — == 0e+00- : ; ; == ==
M=6 M=8 M=10 M=12 M=14 M=6 M=8 M=10 M=12 M=14
Number of Basis Functions Number of Basis Functions
ES Later E3 Now B3 Later E3 Now
Box-and-Whisker plot for KS Box-and-Whisker plot for 99.5% VaR
= . 142+ .
0.0075- = H . .
! H : 141- i
0 0.0050- o 140~ - £ 2N +I +I
x g — =
0.0025- % % % 1391 % % %
v
=% = 138- J °
0.0000- | v ; ; v v ; — : .
M=6 M=8 M=10 M=12 M=14 M=6 M=8 M=10 M=12 M=14
Number of Basis Functions Number of Basis Functions
E3 Later E3 Now ES Later E3 Now

Figure 3: Statistical Divergences and Risk Measure of two LSMs,
N = 3,000,000
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Applications

Single Roll-Up GMIB — MSEs

""" M=4 --- M=6 —— M=12
o 7 c 7
o _| <
IS IS
0 0
o — s -
w ! w T
0 [}
= < --- = < ~-o
=} 4 | T T T e e oo o - - ==
3 | = |
j=2 j=2)
o o
1) 0
- — Right Singular - — Left Singular
| |
N N
[N P
| |
n \ )
YT D

T T T I T T T I
35 4.0 45 5.0 35 4.0 45 5.0

~log;o M/N ~logio M/N

Figure 4: MSEs of two LSMs 23/25



Conclusion

Conclusion

Q AMCHH S = 0|al5}H7| £/ 2 (compared to neural networks)

@ Questions:
QO OH 7| Net+E HINE ALE3HoF St=7t?
— SVD of valuation operator
@ LSM later or now?
— LSM later= LSM nowO]| H|3l] 50| S535}X|EL, 0|2
HE5H7| sz 71X &2l 7|SHgto] 2N Uo{of &
QlHt™ o 2= ZtAH M (robustness) ZMHO{| A LSM now 7} LSM

later HC} O 2| A2 E.
e Extensions: Non-linear/ML models, risk-measure specific
approaches such as importance sampling technique
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Thank You

hha97@korea.ac.kr
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